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Abstract. P(Z) logic offers a new way to reason about vagueness (ie fuzziness), that
treats fuzziness as degrees, distinct from probabilities. One then applies probabil-
ity distributions over fuzziness. This approach is different from both classical fuzzy
logic [26] and possibility theory [1]. P(Z) logic is specially designed for common-sense
reasoning.

1 Main idea

Vagueness is pervasive in common-sense reasoning. A calculus of degrees allows common-
sense statements to be rendered into formal logic and be reasoned about computationally,
thus fulfilling a need in logic-based AGI (artificial general intelligence) systems [5]. It is
widely believed that a general-purpose uncertainty calculus should somehow combine the
ideas in probability theory and those in fuzzy logic; The current approach is not ground-
breaking, but rather an intuitive, simple and practical solution based on well-established
probability theory over continuous degrees. We acknowledge that it has not been empirically
tested.

A more detailed exposition of our AGI theory is [25]. The logic described here deals with
propositions, assigning truth values consisting of 2 components: Z = fuzzy, P = probabilistic.
We will also refer to B = binary logic, which is subsumed by P(Z).

1.1 Prior research

The theory presented here is a synthesis of old ideas that have been expressed in the literature
on fuzzy logic [26] [14] [15] and vagueness, in particular the so-called degree theory [20] [2]
[8] [6] [21] [22].

1.2 What is fuzziness?

The central idea is to treat vagueness as degrees, which are distinct from probabilities. A
fuzzy value, z ∈ [0, 1] represents a degree of something. The degree z itself is not really
“fuzzy” and is unnatural for use in common sense reasoning. For example, it would be
ridiculous for an exact fuzzy value of 0.7 to imply that Mary’s height is exactly 1.7m and



not 1.70000001m. To better capture the essence of fuzziness, it makes intuitive sense to
distribute probabilities over degrees.1

Once we conceptualize vagueness in this manner, the calculus for reasoning with vagueness
follows rather routinely.

Any physical quantity (eg age, height) in [0,∞) can be translated into a degree ∈ [0, 1] via
sigmoidal transformations such as:

Z(x) = e− ln 2 · (x/ξ)2 (1)

where ξ is the point of neutrality for that specific quantity, ie the point at which z = 0.5
(for example Fig 1 is the case for young). Note that the ratio (x/ξ) makes z dimensionless.

Fig. 1. neutral point

Reference classes: A tall building and a tall person should not be compared by the same
scale. For each reference class there would be a characteristic ξ, but it is the job of the
logic to decide which ξ to use, whereas this paper focuses on the calculus of propositional
truth-values.

The common-sense interpretation of numerical Z values is shown in Table 1.

2 P: probabilistic logic

A variety of probabilistic logics have been proposed, but the most popular approach seems
to be “Bayesian logic” (eg [4] [7]).2

1 Note that P(Z) is different from Fuzzy Random Variables (FRV) [11]. P(Z) values are probability
distributions over [0,1], ie, simple random variables; whereas FRVs are probability distributions
over fuzzy sets which are themselves membership functions from some arbitrary domains to [0,1].
In other words, FRVs explicitly manage transformations such as Eqn (1), whereas our approach
simply distributes probabilities over [0,1] and thus is easier to use.

Another alternative is to use interval fuzzy values, but their inference mechanisms tend to be
more complicated (see eg [9]), and the fuzzy intervals tend to diverge to [0,1] very quickly during
inference.

2 This view is explained in the “AIMA” textbook [19], 2nd ed, in §14.6. Several other ways to lift
probabilistic reasoning to first-order settings are briefly described in the textbook [12] §9.3.7.



Table 1.

z interpretation

1.0 definitely or extremely
0.9 very
0.7-0.8 moderately
0.6 slightly

0.5 neutral

0.4 slightly not
0.3-0.2 moderately not
0.1 very not
0.0 definitely not

In an AGI, when we describe some probabilistic relations, we get a network of probabilistic
conditionals. For instance, we may say:

– If a burglary occurs without an earthquake, the alarm will sound with 0.94 chance
– If the alarm sounds, Mary will call with 0.9 chance
– etc etc..

then voila, we already have a Bayesian network (BN). Such BNs can be generated on-
the-fly upon each user query. This technique is known as KBMC (knowledge-based model
construction) [24] and has become standard for lifting propositional probabilistic logics to
first-order. Once we have the BN we can use belief propagation to find the truth value of
the propositional variable we want.

2.1 Conditionals

At the heart of logical reasoning is the implication operator, often called the “arrow”. In
Bayesian networks, nodes represent random variables and links represent probabilistic
conditionals of the form P (x|y). Probabilistic conditionals correspond to implications
(x ← y) in classical logic3. P(Z) logic is the extension of Bayesian logic where random
variables can take continuous values in [0,1].

Referring to the commutative diagram (Fig 2), which shows the relation between the 4 types
of truth values (B, P(B), Z, and P(Z)) and their logical operators. When going from B to
P, we replace classical implication (y → x) with the Bayesian network link (y _ x). When
going from P(B) to P(Z), we will also give up the classical connectives (x∨y and x∧y). The
top-right corner requires us to invent a new set of fuzzy-probabilistic operators, a technical
issue we won’t go into here.

They include, but not exhaustively: [18]’s Markov Logic Networks which is based on Markov
random fields instead of Bayesian networks; and Loopy Logic which is based on [16]’s belief
propagation algorithm; [3]’s Probabilistic Relational Models; and [10]’s Bayesian Logic Programs.
Relatedly, [17] developed a Stochastic Lambda Calculus, and [13] provides a way to perform
probabilistic reasoning within classical higher-order logic.

3 This correspondence is not exact. Indeed, the relation between implications and conditionals
is controversial and has resulted in variants of probabilistic logics. Our view is that classical
implication should be replaced by probabilistic conditionals.



Fig. 2. The inner square shows the 4 types of truth values, the outer square their logical operations

3 P(Z): probability distributions over fuzziness

The logical operators in pure Z logic include ∧ = min, ∨ = max, and ¬ = 1 − z. It is a
direct consequence of negation as 1− z that 0.5 is neutral and 0.0 represents the opposite of
a concept.

P(Z) logic is the combination of Z with P. Each P(Z) value is a probability distribution over
[0,1] (for example Fig 3). All distributions are restricted to be beta distributions, represented
by their means and variances (µ, σ2). The beta distribution is chosen because it is the most
well-studied continuous distribution over [0, 1], and can be represented by just 2 parameters.
With this choice we cannot represent multi-modal distributions, but it seems to be an
adequate “first approximation”.

The beta distribution is very versatile and can represent common sense concepts with
“fuzzy”, “unary”, and “binary” characters (Fig 4). For example, common sense says that a
person is either dead or alive, but upon closer examination we may discover a continuous
spectrum (Fig 5).



Fig. 3. an example P(Z) distribution

Fig. 4. shapes of beta distributions

Fig. 5. a concept with binary character



“Java girl” paradox: For example, a boy may judge a girl’s desirability based on traits
like “good looks”, “personality”, “intelligence”:

desirable← trait1 ∧ trait2 ∧ trait3 ∧ etc...
but imagine a girl who scores 0.9 in the top traits but is also 0.9 “good at Java”; she would
be even more desirable, but ∧ in fuzzy logic would still give a value of 0.9, counter-intuitively.
A solution could be based on taking into account the variance of the P(Z) distributions, as
shown in Fig 6, where we know with more specificity and higher overall certainty that girl
A is more desirable.

Fig. 6. Same mean, different variance

4 Fuzzy modifiers

Fuzzy modifiers are introduced to handle natural-language hedges such as “moderately”,
“very”, “extremely”. They can be any smooth function Γ : [0, 1] → [0, 1], such as those in
Figure 7.

Fig. 7. fuzzy modifiers



5 Inference

All formulas in P(Z) logic has this general syntax:
H ^ B1, B2, B3, ...

where H is the head and Bi is the body (which may be empty). Some P(Z) logic opera-
tors, with numerical parameters, will determine the CPT (conditional probability table) of
P (H|Bi).
As an example, the inference rule for z0 ^ z1 ∨ z2 is:

µ0 ≈ max(µ1, µ2)

v0 ≈
{
v1 : µ1 > µ2

v2 : µ2 > µ1

and the rule for ∧ is similar. The rule for negation (z0 ^ ¬z1) is simply:
µ0 = 1− µ1, v0 = v1

These rules are obtained by considering the result z0, a random variable, as a function
of other random variables (the operands). Some of the formulas are obtained by simple
infinitesimal analysis, others by empirical computations.

Fig 8 shows the behavior of max(f1, f2) against f1 and f2. The distribution of f0 seems to
“eat up” the probability masses of f1 and f2, whichever comes from the right first, until it
is “full” (reaches 1) . Therefore the mean of f0 is not much different from the max of the
means of f1 and f2, resulting in the approximate rule above. Note that there is in general a
slight right-shift for max, this ∆µ may be included in a more accurate version...

Fig. 8. example PDFs of z0 := z1 ∨ z2
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